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Introduction
Tungsten is considered as a critical raw material due to its economic importance, high supply risk, the lack of efficient substitutes, and low recycling rates [1] . Tungsten has a wide range of applications in industry, such as high-temperature technology, the chemical industry, lighting, X-ray technology, and superalloys [2] . Tungsten's properties, such as its low vapor pressure, high melting point, good electrical and thermal conductivities, high density, high elastic modulus, high wear resistance, and good X-ray performance, have made these applications possible [3, 4] . More than 83% of the world's tungsten production occurs in China and only 3.1% occurs in Europe [5] . Statistics reveal that tungsten is a critical metal for the European Union (EU), as well as for the US Department of Defense and for the government of the Russian Federation [6] .
Several mines have been opened during the last decade in the EU; however, a bigger production is still necessary [7] . Therefore, the exploitation of low-grade deposits could be of interest, and new methods that optimize mineral processing have to be found. Mineral liberation from the gangue determines the efficiency of subsequent separation processes [8] and should be accurately investigated. This is even more important when it comes to scheelite, as it often associated with Ca-bearing minerals in skarn ores, which are problematic during flotation as they have the same surface properties as scheelite [9] .
The liberation characteristics of an ore are primarily dependent on its texture; on the association of the mineral in the host matrix of gangue minerals; and, to some extent, on the grinding process [8] . Furthermore, the success of a comminution process depends on the achieved liberation. The measurement of liberation data can be precisely obtained by quantitative mineralogical methods by using scanning electron microscopy coupled with an energy dispersive analyzer and a database [10, 11] , followed by models that predict the mineral liberation obtained during comminution [12, 13] . Mineral liberation analysis (MLA) is a useful technique for obtaining most data to complete liberation characterization [14, 15] .
The main tungsten minerals exploited for primary tungsten extraction are scheelite (CaWO 4 ) and wolframite ((Fe,Mn)WO 4 ), which is a member of a solid solution comprised of hubnerite (MnWO 4 ) and ferberite (FeWO 4 ). Approximately two thirds of the world's tungsten reserves consist of skarn deposits [16] [17] [18] .
King [19] developed a predictive liberation model based on the mineral grade distribution of valuable and gangue minerals when describing a population of particles produced during the grinding process. The results from this study showed that the fraction of fully liberated mineral, L 1 (x), and gangue L 0 (x) particles produced by random breakage could be estimated from Equations (1) and (2):
where x is the size of a particle produced from two successive random cuts made on a plane section of the parent rock. µ 1 and µ 0 are the mean mineral and gangue intercept lengths, respectively. King [20] proposed a theory that was completely free of empirical constants or other parameters. The theory predicts that the fractional liberation of a mineral at mesh size D is given by Equation (3):
where F(l) is the distribution of linear intercept lengths for the mineral and µ is the mean linear intercept length for the mineral. N(l|D) is the linear intercept distribution function for particles of mesh size D, and D u is the largest intercept length across any particle of mesh size D. Schaap [21] extended this model, including the compound particles and liberated particles produced during random breakage.
A liberation model based on the texture of the parent rock has been described by Barbery [22] and by Barbery and Leroux [23] . Barbery [22] estimated the distributions of the covariance function and proximity function based on the particle structure and ore texture, i.e., the distribution of valuable mineral and gangue within the parent rock.
Several models have been developed to describe the liberation properties of mineral particles, including the liberation characteristics, in predicting the downstream separation process by using the texture and grade distribution of low-grade ores [21, 24] .
Barbery and King [22, 25] developed a beta distribution function with parameters α and β to describe the shape of the valuable and gangue minerals. This is only an approximation of the distribution measurements and has been shown to be generally applicable for low-and high-grade ores. It has also been assumed that the model may be extended to composite ores of valuable minerals and gangue. This distribution function was developed [25] for a description of the populations of particles that have a variable mineral content. This distribution function is based on the beta distribution that is widely used in mathematical statistics and can be estimated from Equation (4):
where g is the average grade of the particle produced from random grinding made on a plane section of the parent rock, α and β are the distribution parameters, and B(α, β) is the distribution function. Zhang [26] measured the linear intercept grade distribution of valuable and gangue minerals. He found that the particle breakage that may have occurred during the grinding process provided a better fit to simulated data in different size classes (e.g., 300 µm and 800 µm).
Zhang and Subasinghe [8, 27] proposed a comparison mainly based on liberated particles by the use of a binary ore. They developed a liberation model and a grade distribution of the comminuted particles from linear measurements.
This work determines the mineral liberation modeling of a scheelite ore from a processing plant, using quantitative mineralogy and simulation to complete the characterization. The liberation modeling was obtained using a back-calculation method in MATLAB with the grade/size distribution to produce a predictive liberation model.
Materials and Methods

Materials
The scheelite sample used in this study consisted of crushed ore from the processing plant of a Mittersill tungsten mine in Austria. The ore consisted of scheelite associated with calc-silicate minerals. Scheelite is exploited from veins hosted in an amphibolite rock mainly composed of quartz, plagioclase (albite), hornblende, actinolite, and K-feldspar, with biotite, muscovite, and epidote as minor minerals.
The feed material, with a top size of 13 mm, was comminuted in a jaw crusher to obtain a −1 mm size fraction. The samples were placed in a laboratory rod mill at 46 RPM. It should be emphasized that the laboratory tests were carried out under repeatable and controlled conditions. The milled sample was separated into two target product size distributions: 'fine' (80% passing 250 µm) and 'coarse' (20% passing 250-600 µm).
Anticoi [28] considered that most scheelite of a Mittersill ore occurs in the fine fractions. With this finding from previous studies, the ore was ground smaller than 250 µm. Finally, scheelite was physically concentrated in a shaking table (Figure 1 ). To reach the liberation size, the sample and steel rods were loaded into the rod mill, and a dry grinding test was run. The milled material was sieved at 250 µm, and the non-passing fraction was added to the feed material in the rod mill for different time intervals (4, 6, and 8 min). For each stage, milled material with a +250 µm size fraction was combined with the rest of the mill discharge as the feed for the next grinding interval. The passing fractions (−250 µm) were all used in the shaking table feed (Figure 1 ). The mill specifications and operating conditions are presented in Table 1 . 
Work Index Test
To determine the power consumed by the rod mill, a Power Logger was used, based on measurements of current and potential difference. To estimate the energy efficiency of the rod mill, the unload power and power drawn over the entire grinding period were used, when the mill was stable and when the mill started, during the entire grinding period. The energy required to generate new material finer than 250 µm was calculated as the size-specific energy intensity ( Table 1 ). The feed and product particle size distributions are presented in Section 3.3, along with the bulk mineralogy of the ore.
The standard Bond's test includes a batch dry grinding of the sample, which is carried out in a standard test mill and operated in a closed-circuit grinding operation with a recirculating load. The rod charge consists of eight rods, weighing approximately 33.38 kg, which are 533 mm in length. The test is performed at a grinding size that, ideally, should be the industrial grinding size. In this case, the grindability test was performed for mineral characterization, and four sizes (45, 75, 125, and 250 µm) were selected to perform the tests. Once these values were determined, the grindability function was used to calculate the work index value at each size within the size ranges tested. The feed was prepared under 13.2 mm, and an adequate sample reduction was carried out. The material was packed to 1250 cm 3 volume manually. The weight of this volume was charged to the mill. The mill was operated for 30 revolutions, using a dried screen to remove undersized particles and then replace the undersized material with new feed. The procedure was repeated until the mass of the circulating material was equal to the new feed provided to the closed circuit or the screen undersized material, at a steady state [29] . With proper feed, this equilibrium condition may be reached in 6-8 grinding cycles. After reaching the equilibrium value, an average of the grindabilities (G rp ) was calculated for the last three cycles. The average value was taken as the standard Bond ore grindability to calculate the work index at each selected size. In the current work, standard Bond's test protocols were performed, and a complete description of the test may be found elsewhere [30] [31] [32] [33] . The laboratory work index test gives the standard work index (Wi), which is calculated from Equation (5) [34] :
where F 80 and P 80 are the 80% passing size (µm) of the mill new feed and circuit product, respectively; A is the test-sieve size used (µm); and G rp is the mass of the undersized product per mill revolution (g/rev).
Analytical Methods
The chemical composition of the original and processed samples was obtained at the ALS laboratory Group, where W was measured using inductively coupled plasma mass spectrometry (ICP-MS) from the acid digestion of fused glass beads. Mineralogy was determined by X-ray powder diffraction (XRD), scanning electron microscopy (SEM), and mineral liberation analysis (MLA). The XRD spectra were measured from powdered samples in a Bragg-Brentano PANAnalytical X'Pert Diffractometer (graphite monochromator, automatic gap, Kα-radiation of Cu at λ = 1.54061 Å, powered at 45 kV-40 mA, scanning range 4-100 • with a 0.017 • 2θ step scan and a 50-s measuring time). The identification and Rietveld semiquantitative evaluation of phases were conducted on PANanalytical X'Pert HighScore software (Version 2.0.1, PANanalytical, Almelo, The Netherlands).
Textures were observed by optical and electronic microscopy. The equipment was a Hitachi 1000 tabletop electron microscope with an energy-dispersive X-Ray spectrometer (EDX, High-Technologies Corporation, Tokyo, Japan).
MLA was used to quantify the bulk mineralogy, grain size, particle size distribution grinding, mineral liberation, and associations. The MLA analysis was carried out at the University of Tasmania using an FEI MLA 650 ESEM (FEI, Hilsboro, OR, USA). Representative samples were prepared using different sized fractions after concentration. MLA measurements were performed at 20 kV with a 1.5-µm pixel resolution using the X-ray Backscattered Electron (XBSE) method, which collects a range of Backscattered Electron (BSE) images at a specified resolution, segments the images into different mineral grains based on BSE contrast and textural features, and collects a single energy-dispersive (ED) spectrum for each identified mineral grain.
In this work, a combination of X-ray diffraction (XRD) and mineral liberation analysis (MLA) was used to investigate problems and find possible solutions for the quantitative mineralogical characterization of scheelite. These two analytical methods that were applied are largely supplementary. Minerals are identified by the properties of their crystal structure by XRD, whilst MLA analysis relies on their compositional contrast with other minerals. The results of quantitative X-ray powder diffractometry (QXRD) by multiphase Rietveld refinement [35, 36] can be highly accurate and allow the quantification of the abundance of minerals present, down to 0.5 wt.%, in representative powder samples [37, 38] .
Results and Discussion
Chemical Composition
To determine impurities in the mineral samples, chemical analyses were performed [39] . The chemical composition of the whole sample is presented in Table 2 . In the sample, the high content of MgO, FeO, and CaO is indicative that tungsten is associated with calc-silicate rocks. Scheelite was analyzed through an inductively coupled plasma mass spectrometer (ICP-MS). The W content is 2260 ppm, which indicates a medium-grade deposit. It also contains 7.17% CaO, 59.30% SiO 2 , and 12.25% Al 2 O 3 . The chemical analysis of scheelite content for the concentrate and tailings material that resulted from physical separation is 3.52% and 0.13%, respectively.
Mineral Association
A combination of XRD and MLA analyses enabled a successful identification and assessment of the mineralogical composition of the scheelite sample. Overall, 55 minerals were identified.
The averaged results of XRD and MLA measurements in the feed, concentrate, and tailings are presented in direct comparison ( Table 3 ). The sample contained a similar concentrate and tailings of minerals to hornblende and titanite. The actinolite and plagioclase mineral content was highly variable. Expectedly, quartz concentrations above 17 wt.% were found in tailings, and about 7 wt.% concentrate minerals were found in the ore. Scheelite is the only W-bearing mineral from the studied ore which was reported in MLA and XRD. The observation of the ore under UV light allowed the scheelite grains to be differentiated. All of them exhibit a bluish luminescence, which is typical when this mineral has a low content of molybdenum [40] . Other phyllosilicate minerals such as muscovite occur in minor amounts. Epidote, K-feldspar, and titanite are also present. The gangue mainly comprises quartz, plagioclase, hornblende, pyroxene, and biotite (Table 3) .
After this, the gravity concentration of the mineral association from the concentrate and tailings was determined using XRD and MLA. Predictably, low-density minerals are concentrated in the tailings, which are enriched in quartz, plagioclase, biotite, and muscovite. On the contrary, scheelite, sulphide minerals, and epidote are concentrated in the high-density fraction.
The distribution of the hornblende minerals varies. Hornblende is the predominant mineral in the concentrate and tailing in the ore. Titanite and epidote have a relatively high density (6.01 and 3.45 g/cm 3 , respectively) and thus are concentrated in the heavy fraction, whereas the quartz and plagioclase (albite) content is variable in the tailings and remains in the light fraction. The comparison shows higher scheelite contents detected by MLA in the concentrate and tailings. A higher concentration of hornblende, epidote, and Fe-sulfide was primarily shown in the concentrate by XRD and MLA. Data acquired by XRD also show a lower content of hornblende compared to the MLA data. In the MLA, actinolite was not reported; it was probably identified as a pyroxene phase, and thus its composition is similar to other pyroxenes, such as augite.
SEM images show that in the comminuted sample, a high number of scheelite grains are liberated. In other grains, it is associated with other minerals in binary, ternary, or multi-component particles ( Figure 2 ). shows that the mineral association varies considerably according to the particle size fractions. Scheelite and pyrite are more concentrated in the fine fractions ( Figure 3 ). The number of characterized particles in the concentrated and tailing samples was 58,162 and 66,248, respectively. In the most basic liberation analysis method, mineral discrimination is only based on BSE grey level contrast, and the liberation data are generated through image analysis [1] . In the present case, scheelite shows a high contrast with the other possible mineral phases, and it is possible to produce a basic method to calculate the scheelite minerals with a high rate of concentrated scheelite. shows that the mineral association varies considerably according to the particle size fractions. Scheelite and pyrite are more concentrated in the fine fractions ( Figure 3 ). The number of characterized particles in the concentrated and tailing samples was 58,162 and 66,248, respectively. In the most basic liberation analysis method, mineral discrimination is only based on BSE grey level contrast, and the liberation data are generated through image analysis [1] . In the present case, scheelite shows a high contrast with the other possible mineral phases, and it is possible to produce a basic method to calculate the scheelite minerals with a high rate of concentrated scheelite. shows that the mineral association varies considerably according to the particle size fractions. Scheelite and pyrite are more concentrated in the fine fractions ( Figure 3 ). The number of characterized particles in the concentrated and tailing samples was 58,162 and 66,248, respectively. In the most basic liberation analysis method, mineral discrimination is only based on BSE grey level contrast, and the liberation data are generated through image analysis [1] . In the present case, scheelite shows a high contrast with the other possible mineral phases, and it is possible to produce a basic method to calculate the scheelite minerals with a high rate of concentrated scheelite. The liberation characteristics of scheelite in the concentrated sample are shown in Figure 4 . More than 87 wt.% of scheelite is liberated, and about 11.2 wt.% occurs in binary particles. In most cases, scheelite constitutes particles associated with epidote, quartz, and hornblende (Figure 4 ). The liberation characteristics of scheelite in the concentrated sample are shown in Figure 4 . More than 87 wt.% of scheelite is liberated, and about 11.2 wt.% occurs in binary particles. In most cases, scheelite constitutes particles associated with epidote, quartz, and hornblende ( Figure 4 ). 
Particle Size Distribution
The cumulative particle size distributions (PSDs) of the various streams of the flowsheet are shown in Figure 5 . For the test work, the PSDs are broad with a shallow slope, although the shaking table feed, feed and mill product sample PSDs are steeper than the feed. About 53% of the mill material is smaller than 250 µm, and about 43% of the milled material in the shaking table feed is smaller than 106 µm. The measured particle size distribution shows that 80% of the concentrated material is approximately smaller than 106 µm. It was found that fine particles are strongly dominant in the shaking table feed data compared to analytical sieving. The MLA data provide information on the size of all the measured particles. It is possible to determine the distribution of scheelite in the different particle size fractions and its liberation grade. Scheelite is significantly concentrated in the −250 + 106 µm size fractions. This is because scheelite grains occur naturally in these grain sizes of the ore deposit. The MLA-estimated scheelite grain size in the gravity concentrate is shown in Figure 6 . The average grain size is 106 µm, and most grains are <250 µm. This information, coupled with the findings from the particle size distribution section, indicates that about 20% of scheelite grains are resistant to grinding and fractures in W-bearing. Figure 6 also shows the grain size distribution of the tailings. Almost all grains are <125 µm in the tailings and would require further grinding for sufficient liberation. This would significantly improve the liberation characteristics of scheelite and prove that coarser grinds can achieve sufficiently liberated scheelite. This suggests that coarse complex particles containing scheelite in the tailings are 
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In order to evaluate the relationships between the work index and the degree of scheelite liberation in the processed material, the cumulative distribution of the liberated scheelite with the class mean size and the work index is shown in Figure 7 . These relationships can be explained by the fact that almost all liberated sheelite is in fine fractions, which causes the work index and energy consumption to increase. The material is a calk-silicate, so scheelite is associated with more than 60% quartz and epidote (Figure 4) . They are the hardest minerals in the material. Therefore, the work index for the deposit ore may be predicted based on the quartz and epidote content of the material [34] . 
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Mineral Liberation Modeling
The concentrate of the gravity separation was selected for the analysis of scheelite liberation. MLA reported data by the sizes and liberation classes of the scheelite mineral, which was finely ground and of a medium grade, and used for the characterization in the flowsheet of this work. Using mineral liberation analysis data, the differential masses of the concentrated material with different grades of scheelite were calculated. Mineralogical characterization was performed by the MLA technique, and the stream samples were sized into 13 size classes from 0 to 260 µm using sieve analysis. Table 4 shows the distribution of the concentrate mineral (scheelite) by particle size and liberation class in terms of mass percentage, which was obtained from the data reported by MLA. Here, the highest mineral fractions belong to the medium size and also to highly liberated particles (5.65%) and less liberated particles (0.25%).
liberation in order to reduce energy consumption.
In order to evaluate the relationships between the work index and the degree of scheelite liberation in the processed material, the cumulative distribution of the liberated scheelite with the class mean size and the work index is shown in Figure 7 . These relationships can be explained by the fact that almost all liberated sheelite is in fine fractions, which causes the work index and energy consumption to increase. The material is a calk-silicate, so scheelite is associated with more than 60% quartz and epidote (Figure 4) . They are the hardest minerals in the material. Therefore, the work index for the deposit ore may be predicted based on the quartz and epidote content of the material [34] . Figure 8 illustrates how scheelite treatment resulted in a distribution of the ore from the low to high grade of liberation classes in the material. To calculate the distribution density, via simulation, the range of 0-260 µm was divided into particle size segments with intervals of 20 µm and liberation grade classes of >0-10, 10-20, ..., 90-<100 and 100. The differential mass was calculated for each grade/size class (Table 4 ). In the concentrate, the liberated scheelite is distributed along with the different size classes as shown in Figure 8 . The categories presented here are based on the combined fractional area of scheelite, although all particles considered contain one or more scheelite grains.
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In order to describe the particle populations with different mineral contents, a distribution function based on the beta distribution was carried out [25] .
Equation (6) is used as the basis for the calculation of distribution grades when the distribution linear grades are known [25, 27] . Using Equation (6) and the back-calculation technic in MATLAB, other parameters such as α M and β M were calculated separately. n, g, g M , L 0 , and L 1 are experimental data, and they represent the number of particles, average grade, and average grade without L 0 and L 1 on their edges, respectively, and α M and β M are the beta function parameters.
To complete the liberation distribution shown in Figure 8 , Equation (6) and the extent data were used to calculate the linear grade distribution of the scheelite and liberated particles. The modeled values are compared with the measured distributions in Figure 9 for eight size fractions. In order to describe the particle populations with different mineral contents, a distribution function based on the beta distribution was carried out [25] .
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To complete the liberation distribution shown in Figure 8 , Equation (6) and the extent data were used to calculate the linear grade distribution of the scheelite and liberated particles. The modeled values are compared with the measured distributions in Figure 9 for eight size fractions.
The parameters α and β of the beta distribution function were calculated using MATLAB and are shown as cumulative distributions (Figure 9 ). Series of the mineral liberation function equation were calculated based on this extracted data. These included the beta distribution function of scheelite and relative density of each mineral within the sample. 
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Measured data Simulated model Figure 9 . Cumulative distribution vs. grade class of ore for eight cases in different particle sizes. The difference between the simulated and experimental data is shown.
The parameters α and β of the beta distribution function were calculated using MATLAB and are shown as cumulative distributions (Figure 9 ). Series of the mineral liberation function equation were calculated based on this extracted data. These included the beta distribution function of scheelite and relative density of each mineral within the sample.
The back-calculated grade distributions must match the measured distributions, giving the experimental data as shown in Figure 9 . When the particle size is distinctly smaller than the size of the mineral grains, the tendency for liberated and nearly liberated particles to appear is greatly enhanced, and the beta distribution function reflects this tendency by exhibiting a strong U-shape [25] . This is a good approximation, and it happened in the fine fractions (0-80 µm); otherwise, the distribution is bell-shaped. To describe the mineral liberation distribution for different particle sizes, the distribution density of the sample shows that a change from bell-shaped to U-shaped occurred from lower graphs (120-240 µm) to upper graphs (0-80 µm).
The modeling results are shown in Figure 9 for the scheelite ore, where there is a comparison of the cumulative mass from the experimental data with the simulated data in different size classes. The results show a better fit for the data in some interval sizes than others (e.g., the interval of 140-160 µm). In most cases, the curves should superimpose upon each other, if the α M and β M values are normalizable. A reasonable agreement is observed for almost all interval sizes, indicating that the calculated liberation could be a good approximation, if that of the cumulative distribution is correct. From Figure 9 , it can be also seen that the sample shows a typical behavior as the distribution function does not depend on the particle size. The parameter g was from zero to one.
King [25] has explained that the parameters α M and β M define the performance of the distribution, and they can transform the function from bell-shaped to U-shaped. The sample passes from bell-shaped to U-shaped, and the parameters α M and β M decrease when the particle size increases ( Figure 10 and Table 5 ). This allows the fitting of α M and β M values into Equation (6) by the back-calculation technique and hence the calculation of the model parameters. In this case, the parameters n, g, g M , L 0 and L 1 , and g were determined by fitting Equation (6) to α M and β M values for each fraction size using the back-calculation function in MATLAB. This is an optimization procedure that searches for the best combination of parameters that minimizes the error between experimental and simulated α M and β M values.
The variation of distribution function parameters with a constant liberation rate constant was investigated (Table 5) , and the results are shown in Figure 10 . The values of α M and β M seem to satisfy a linear relationship while the liberation rate is constant, with correlation coefficients of 0.90 and 0.92, respectively. It follows that α M and β M values may be predicted from the liberation rate constant as follows:
α M = −0.05x + 0.79 (7) β M = −0.04x + 0.64 (8) The relationship can be further interpreted to show that finer particles are expected for high α M and β M values. This is in agreement with what is displayed in Figure 9 .
Conclusions
This paper proposes a link between ore characteristics and concentrate feed characterization by particle size and liberation class using a mineral liberation model. An overview of the scheelite liberation modeling results in a procedure to solve the functions, which relates the particle grade and particle size distributions. The liberation results show that 15 wt.% of the concentrated sample was scheelite and 87 wt.% of the scheelite was liberated.
Scheelite grains present fine sizes in comparison to most gangue minerals. Their liberation is higher than 45% in size fractions finer than 120 µm. Scheelite was liberated at a relatively coarse size fraction (i.e., approx. 80-200 µm), which contains about 71% of all liberated particles. Higher scheelite grain enrichment is displayed in the size range lower than 106 µm. The average grain size of scheelite is about 106 µm, and most parts of the grains have a size smaller than 250 µm.
The size distribution and the liberation of scheelite allow a good estimation of the mineral distribution in the concentration feed. Suitable agreement between the experimental and simulated data was achieved by using a grain size distribution.
Using the beta distributions, the extent and linear grade distribution of liberated particles were calculated. The calculated values were compared with the measured distributions for eight size fractions.
The work index for the ore deposit ranges from 8.02 to 15.07 kWh/t, indicating a high difference in the energy consumption of the ore in different size fractions. Therefore, a reduction in size would cause an increase in the energy consumption and the cost of comminution.
The behavior of the model parameters for the liberation data in a grinding process can be used in real mineral processing calculations to simulate the possibility for significant improvement in the existing flowsheet with respect to physical separation recovery and grinding efficiency. A liberation model, based on an optimization procedure, was initially developed using the beta distribution function. Finally, the proposed model was confirmed using the beta distribution function and through a comparison of experimental and simulated liberation data.
